E1, M1, E2, M2, E3, and M3 transition probabilities for hydrogen-like atoms are calculated with point-nucleus Dirac eigenfunctions for Zϭ1 -118 and up to large quantum numbers ᐉϭ25 and nϭ26, increasing existing data more than a thousandfold. A critical evaluation of the accuracy shows a higher reliability with respect to previous works. Tables for hydrogen containing a subset of the results are given explicitly, listing the states involved in each transition, wavelength, term energies, statistical weights, transition probabilities, oscillator strengths, and line strengths. The complete results, including 1 863 574 distinct transition probabilities, lifetimes, and branching fractions are available at
Introduction
Several nonrelativistic electric-dipole transition probabilities A ki E1 for the hydrogen atom have been available for a long time. 1, 2 The corresponding A ki E1 (Z) values for nuclides of charge Z can be obtained from the Zϭ1 values through the relation:
where (Z) is the electron reduced mass for the given nuclide. With increasing Z values, relativistic effects become noticeable causing the need to correct Eq. ͑1͒ by adding higher powers of Z in a complicated way. The first numerical results for relativistic electric dipole transitions 3 in hydrogenlike atoms modeled by the point-nucleus Dirac Hamiltonian cover several Lyman-␣ transitions and yield correct oscillator strengths. Moreover, the Babushkin formulas 3, 4 form the basis for the modern treatment of multipolar electric and magnetic transition probabilities, 5 which allow for interference between various electric and magnetic multipoles.
Magnetic multipole transition probabilities, on the other hand, are different from zero only in a relativistic framework. Recently, Pal'chikov 6 discussed another set of analytical formulas for E1, M1, E2, and M2 transition probabilities in hydrogen-like atoms also modeled by the point-nucleus Dirac Hamiltonian, restricting his results to a subset of all state transitions that may take place between levels 1s, 2s, 3s, 2p, 3p, 4p, and 3d. The work of Pal'chikov 6 filled a gap in the literature on one-electron systems, since magnetic dipole, electric quadrupole, and magnetic quadrupole transitions for hydrogen-like atoms had barely been mentioned in the early literature. polar transitions, particularly the magnetic transitions, do not follow a simple power law 6 and thus they must be recalculated explicitly for each Z value. A thorough analysis of Z dependence has been given by the authors. 9 In this paper, we considerably extend the scope of the relativistic calculations of Pal'chikov:
͑a͒ from ᐉϭ2 up to ᐉϭ25, and from nϭ4 up to nϭ26, thus embracing most transitions conceivably needed for physical and astrophysical research and ͑b͒ by incorporating E3 and M3 transitions probabilities, so far unreported in the literature.
When more than one multipole is involved, viz., M1ϩE2 ϩM3 or M1ϩE2 or M2ϩE3, the separated as well as the consolidated results are given, the later for the first time. Also, our tabulation 10 is more explicit than the Pal'chikov tabulation, giving, for each electric and magnetic multipole, the transitions involved, wavelengths, term energies, statistical weights, transition probabilities, oscillator strengths, line strengths and log͑gf͒, the last three only for electric dipole transitions. As an extra bonus, all numbers were produced and printed automatically avoiding possible transcription errors. For completeness, all nuclides with Zϭ1 -118 have been considered. Section 2 gives the basic formulas for transition probabilities. Different from Pal'chikov's analytical approach, ours is a numerical one based on general expressions for multipole transition probabilities, 5 and on a relatively new version of variational relativistic quantum mechanics. 11 Our method of calculation, which is embedded in a general purpose computer program for nonrelativistic and relativistic manyelectron atomic calculations 12 is discussed in Sec. 3 together with computational details.
Distinct from previous works that take relativity into account, we give in Sec. 4 a comprehensive critical evaluation of accuracy revealing, among other things, small corrections due to the occurrence of a radiative recoil factor. The standard tabulation of Wiese et al. 2 includes all E1 transitions up to ᐉϭ5 and nϭ6. Although extension to high ᐉ and n values is straightforward, 13 finding reliable numerical results is far from trivial, even in the nonrelativistic regime, as also discussed in Sec. 4. The scope of the tabulation is presented in Sec. 5, and a selection of results for atomic hydrogen is given in Sec. 6. Finally, conclusions are given in Sec. 7.
Basic Formulas and Model
The emission transition probability A ki L(E,M) for an electric ͑E͒ or magnetic ͑M͒ multipole of order L is given in terms of the oscillator strength f ik
is expressed in terms of the configuration interaction expansion coefficients, radial integrals and Wigner 3 j coefficients. In Eq. ͑3͒ we have incorporated a factor c 2 which is missing in the original reference. Transition probabilities are evaluated assuming the traditional multipole expansion in terms of E1, E2, E3, etc., for electric multipole radiation, and M1, M2, M3, etc., for magnetic multipole radiation. As in the work of Pal'chikov, 6 H-like atoms are modeled after the point-nucleus Dirac Hamiltonian.
Method and Computational Details
In principle, the eigenfunctions of the one-electron Dirac Hamiltonian and its transition matrix elements can be evaluated using analytic closed expressions. 6, 16 Using 16-figure arithmetic, however, these well-known exact representations do not provide the most accurate way to carry out calculations even for small principal quantum numbers n. As we shall illustrate in Secs. 3.2. and 4, by using variational calculations and numerical integration of Hamiltonian matrix elements, very accurate results are obtained, reaching almost machine accuracy. Another advantage of using a variational method is that numerical instabilities are better known and understood. This, together with a very general computer program, 12 which has passed through many tests in several contexts, and a large number of specific verifications, 16 guarantees the reliability of millions of results which we could not possibly check individually.
In the following we explain the Drake-Goldman variational principle, which is crucial to obtain very accurate Dirac eigenfunctions and eigenvalues.
The Drake-Goldman Variational Principle
In relativistic calculations of electronic bound states one starts from a set of g Dirac bispinors
The full set is obtained after incorporation of g complementary Dirac bispinors
differing from the first set in the minus sign preceding the lower component Q. 11 The P and Q functions in Eqs. ͑4͒ and ͑6͒ are general radial functions in Hilbert space with appropriate boundary conditions at the origin. If one is concerned just with positive-energy orbitals, an extensive account of their mathematical requirements can be found in the review of Grant. 15 In the following we resort to the Drake-Goldman variational principle. Drake and Goldman 17 found that the matrix representation of the Dirac Hamiltonian h D in certain 2g-dimensional bases, Eqs. ͑4͒ and ͑6͒, for jϭᐉϩ1/2, ᐉ р2, Zр92
has eigenvalues k satisfying
where E i is the exact ith order eigenvalue of Dirac's equation. When g is increased, convergence towards the exact Dirac's bound eigenvalues is achieved from above, as in nonrelativistic calculations sustained by the variational theorem.
The validity of the Drake-Goldman variational principle, previously verified up to ᐉр10, jϭᐉϮ1/2, Zр118 and with more general Slater-type bases, 18 has presently been extended up to ᐉр25.
Computational Details
To generate all reported data we developed a systematic way to handle arbitrary sets of states and corresponding transition probabilities throughout the isoelectronic series. A general purpose computer program to evaluate energy levels, wave functions and transition probabilities 12 was enriched with several program modules, allowing us to carry out all calculations in a single run. The mechanics of the entire procedure is as follows:
͑i͒ analytic self-consistent-field wave functions and energies are computed for each of the states considered; ͑ii͒ the results are sent to proper files; ͑iii͒ all nonzero transition probabilities are calculated and placed in definitive tables; ͑iv͒ intermediate files are removed while the tables are transmitted to a final directory; and ͑v͒ in the input files in ͑i͒-͑iii͒ the nuclear charge is updated to the next value.
Steps ͑i͒-͑v͒ are repeated 117 times to cover the 118 nuclides, Zϭ1 -118. The pertinent one-electron integrals are evaluated numerically using 32-point Gauss-Legendre quadratures in each of 30 Z-dependent intervals in ͓0, ϱ͔. The normal diagonalization routines from the literature 19, 20 are not sufficiently accurate for our purposes. Thus a Jacobi routine 12 was used to obtain highly accurate eigenvalues and eigenvectors.
Critical Evaluation of Accuracy
We shall discuss, in succession, the physical and numerical issues involved in the evaluation of accuracy. The pointnucleus Dirac Hamiltonian is quite appropriate for low nuclear charge. For large nuclear charge, however, there are other significant effects which are neglected in this model; they consist mainly of finite nuclear size 21 and quantum electrodynamic [22] [23] [24] corrections, both propagating their influence mainly through transition energies. In a more rigorous treatment, the corresponding corrections to the wave functions should also be incorporated. Since these departures from the chosen model have not been fully investigated in the literature, accuracy will only be evaluated with respect to the given model itself.
As pointed out in Sec. 2, transition probabilities are evaluated assuming traditional multipole expansions, viz., a complete multipole expansion including toroidal moments 25, 26 is not considered.
Nuclear motion is taken into account only through the standard replacement, in the infinite nuclear mass Hamiltonian, of the electron mass by its reduced mass and the consequent change from a.u. to a.u. ͑atom͒. Thus the absolute atomic unit of time 27 ϭ2.4188843265ϫ10 Ϫ17 has been multiplied by a factor ͓1ϩ (m/M )͔, so we actually report
as it should be.
Extra terms arising from an exact representation of the interaction of the particles with the field are neglected. For E1 transitions in the nonrelativistic regime, the largest of these terms 28, 29 can be accounted for by the introduction of a radiative recoil factor Z r given, for nuclear mass M , by
which enters as a factor Z r 2 in the transition probabilities. Since its dependence is only through Z and M , Z r is given separately in each table for a given species. However, it is not considered in the reported values of A ki to facilitate comparison with previous work. Its maximum value occurs for Zϭ20, amounting to an effect of 0.05%. Analogous considerations for other multipoles give similar factors, which for M1 and E2 differ from unity as the fourth power of the ratio of electron and nuclear masses. These factors affect at most the seventh figure and therefore they were neglected altogether.
Since, in general, isotopic effects do not alter the transition probabilities to the reported accuracy, we just considered a single isotope per element. The mass of the most abundant isotope was used when available. 30 Hypothetical masses were used for unknown nuclides of charges 113, 115, 117, and 118. All needed fundamental constants are taken from the 1998 CODATA recommended values. 31, 32 The first numerical issue concerns loss of accuracy in the energies. Setting the zero of energy at the ionization threshold, the Dirac energy eigenvalues E(n, j) are given by Mizushima 33 E͑n, j ͒ϭc
For small nuclear charge Z, E(n, j) is equal to a number of order one resulting from the difference of two large numbers of order ␣ Ϫ2 Ϸ10 4 ͑␣ is the fine structure constant͒ thus incurring in loss of four decimal figures; accuracy decreases in a complicated way with principal quantum number n as E(n, j) approaches zero. Therefore, 30-figure arithmetic is used to evaluate Eq. ͑10͒.
As to the exact eigenfunctions, 33 they were approximated to numerical accuracy as self-consistent-field ͑SCF͒ wave functions 34 in order to avoid numerical instabilities inherent to their exact analytic representations. The accuracy of the SCF wave functions is in turn conditioned by the exactness of the energy eigenvalues provided by the Drake-Goldman variational results rather than Eq. ͑10͒. Using 16-figure arithmetic, for example, for Zϭ1, E(2,1/2) ϭϪ0.1250020801891714 a.u. is obtained, to be compared with the 30-figure arithmetic exact result from Eq. ͑10͒ of Ϫ0.1250020801891716. Thus our 16-figure numerical approach is almost coincident with the exact result.
In extending the range of previous results 2, 6 to large principal quantum number, even in a nonrelativistic regime, our method ͑Sec. 3͒ overcomes severe loss of accuracy not present in transitions with small principal quantum number. For example, for the nonrelativistic transition 10s→25p, working with 16-figure arithmetic and analytical expressions 13 we get A ki E1 ϭ600.68 s Ϫ1 while the correct result is 607.63 s Ϫ1 . The latter can be obtained either by using the analytical expressions together with 30-figure arithmetic or through our numerical approach with only 16-figure arithmetic. ͑The relativistic result for either 10s→25p 1/2 or 10s →25p 3/2 is 607.62 s Ϫ1 .͒ We have tested the nonrelativistic transition probabilities in the tabulation of Wiese et al. 2 and found them to agree with ours to all reported figures both using nonrelativistic or relativistic calculations, as expected due to the rather small relativistic effects in atomic hydrogen.
The work of Pal'chikov 6 provided the first systematic relativistic transition probabilities for hydrogen-like systems. Our results for transitions probabilities agree with those of Pal'chikov to all reported figures. For wavelengths, however, there are noticeable differences. For example, for the 1s 1/2 →2p 1/2 transition in hydrogen, we get ϭ1215.66962039 Å against 1215.6736456 Å of Pal'chikov. We have traced this disagreement to the use by Pal'chikov of a proton mass m p ϭ1.000 instead of m p ϭ1.00727646689. Also, the oscillator strengths of Pal'chikov are usually in error: they are correct only for Lyman-␣ transitions when the ratio of statistical weights, g k and g I , is equal to one. ͓There is also a typographical error in his Eq. ͑4͒ where the said statistical weights are interchanged relative to the correct expression.͔ A necessary, albeit not sufficient, test for the accuracy of the computed transition is the fulfillment of gauge invariance of the electric multipole matrix elements. This amounts to comparing results obtained by using the Coulomb 5 and the Babushkin 35 gauges. For transitions with ⌬n 0 the Coulomb and the Babushkin results agree to within 6 -14 significant figures ͑maximum agreement for small values of n). For ⌬nϭ0 transitions, five or more good figures are achieved up to nϭ15. For still larger n values, these ⌬nϭ0 transitions have transition probabilities smaller than 10 Ϫ10 ; thus they are irrelevant for all practical purposes.
In our tabulations, five figures are shown for transition probabilities and related quantities, always within the estimated margins of error. Energies and wavelengths are given up to 14 figures; since these are obtained using Eq. ͑10͒ in 30-figure arithmetic, all reported data can be considered to be exact within the limitations of the model employed.
If and when a more exact theory is warranted, after incorporation of the new effects, the rest of the calculation can follow the same sequence of steps, all to be performed in a single computer run.
Scope and Arrangement of the Tables
We have adhered to the time honored style introduced by Wiese et al. 2 in the National Standard Reference Data Series. States are entirely characterized by their orbital designations. In the tables, upper case letters are used for jϭᐉϩ1/2 orbitals, while jϭᐉ1/2 orbitals are denoted by lower case letters. Up to ᐉϭ25 we have the following 51 orbitals: SpPdDfFgGhHiIkKlLmMnNoOqQrRtTuUvVw WxXyYzZaAbBcCeEjJ, using all the letters of the alphabet. In a first set of tabulations ͑Set 1͒, 10 for ᐉр4 we include states up to nϭ7, and for ᐉу5 we keep orbitals up to nϭᐉϩ3 not exceeding nϭ26, thus, only two orbitals for ᐉϭ24 and just one orbital for ᐉ ϭ25, totaling 163 states. This selection incorporates large ᐉ values in a way allowing to study their decay modes, however it leaves out an important set of states: very large principal quantum number together with small azimuthal number 3. In order to partially fill this gap we have considered, in a second set of tabulations ͑Set 2͒, 10 states up to nϭ25, ᐉ No. Two-photon transitions from the 2s 1/2 states are taken from the literature. 36 Because of the Lamb shift, the 2s 1/2 states will also decay to 2p 1/2 states, but this cannot be considered unless QED energy corrections are taken into account. Other two-photon transitions from higher-excited states compete too unfavorably with E1 transitions and can then be discarded.
E1, M2, and E3 Transitions
E1, M2, and E3 transitions require change of parity between initial and final states. The physically significant quantities are the sums E1ϩM2ϩE3, if all are allowed, or any partial sums of allowed transitions: E1ϩM2, M2ϩE3, and also E1, M2 and E3. E1ϩM2ϩE3, E1ϩM2 and M2ϩE3 are mutually exclusive. Most of E1 and E3 transitions and all M2 transitions need to be consolidated with one or two multipole partners, in which case they are tabulated with an asterisk as mentioned above. Only E1 ns 1/2 →mp 1/2 transitions and E3 transitions with ⌬ jϭ3 do not have to be consolidated with other multipole partners, and thus represent bonafide final results. The first six tables of Sec. 6 show parity-changing transition probabilities for hydrogen.
M1, E2, and M3 Transitions
M1, E2, and M3 transitions require no change of parity between initial and final states. The physically significant quantities are the sums M1ϩE2ϩM3, if all are allowed, or any partial sums of allowed transitions: M1ϩE2, E2ϩM3, and also M1, E2 and M3. M1ϩE2ϩM3, M1ϩE2 and E2 ϩM3 are mutually exclusive. All M1 transitions ͑except mS→nS and mp→np), all E2, and all M3 ͑except those with ⌬ jϭ3) need to be consolidated with one or two multipole partners. Analogously as before, they are given in the last six tables of Sec. 6.
Tables of Transition Probabilities for Hydrogen
Here we present, for Zϭ1, a subset of results of the Set 1 specified in Sec. 5. The data are arranged in the 12 tables previously described ͑see Tables 1-12͒ , each corresponding to a given multipole or to any allowed combination of them. Only the first few transitions and the last three most significant ones are exhibited, so as to give a flavor of the extent of the tabulation. The data in the complete tables for Z ϭ1 -118 may be considered benchmarks for future reference since they were produced using well-tested numerical procedures and tabulated in a fully automatic way, guaranteeing a high degree of reliability. They are available at a recognized web site. 
Conclusions
We have presented E1, M1, E2, M2, E3, and M3 transition probabilities for hydrogen-like atoms calculated with pointnucleus Dirac eigenfunctions for Zϭ1 -118 and up to large quantum numbers ᐉϭ25, nϭ26, increasing existing data more than a thousandfold. A critical evaluation of the accuracy, together with automatic generation of millions of results in a single computer run, has been crucial to achieve high reliability. Our tabulation serves three useful purposes:
͑1͒ provides a substantial check of previous work; ͑2͒ furnishes a clear and self-contained source of basic data not available in the literature; and ͑3͒ can be used for estimating transition probabilities in N-electron systems behaving as one-electron systems, particularly in the study of inner shell transitions. 9, 37 Consolidated results are provided for the first time: E1 ϩM2, M2ϩE3, E1ϩM2ϩE3, M1ϩE2, E2ϩM3, and M1 ϩE2ϩM3 when selection rules so require. For one-electron systems, the possibility of interference among E1, M2, and E3, or among M1, E2, and M3, or between any selectionallowed pair of them is precluded in the absence of a magnetic field. 38 As expected, the E1ϩM2 and E1ϩM2ϩE3 transitions are widely dominated by E1. This fact is reflected in the coincidence, to all significant figures, in the corresponding results for Zϭ1. For Zϭ92, however, already a one percent contribution of M2 is observed for large transition probabilities such as 1s 1/2 →2p 3/2 .
Surprisingly, M2ϩE3 results are significantly different than M2 or E3 alone. For example, in the transition 2p 1/2 →3d 5/2 ͑through all Z values͒ M2 never contributes more than 76% to M2ϩE3 ͑for hydrogen, see the corresponding tables͒.
M1ϩE2 and M1ϩE2ϩM3 are entirely dominated by E2, except for ⌬ᐉϭ0 transitions. In the M1ϩE2 transition 2 p 1/2 →3p 3/2 , the M1 contribution, negligible for Zϭ1, increases from 0.1% (Zϭ47) to 50% for Zϭ92. In the M1 ϩE2ϩM3 transition 2p 3/2 →3 p 3/2 , the M1 contribution reaches 2% for Zϭ92. The ͑E2, M3͒ pair behaves similarly as ͑E1, M2͒: when existing, E2ϩM3 coincides with E2 for low Z. For Zϭ92, a 1% contribution of M3 is attained for the 1s 1/2 →3d 5/2 transition probability.
A comprehensive picture of transition probabilities, emission and absorption patterns in H-like systems is given elsewhere. 9 Tables of lifetimes, branching fractions and Z-dependent branching fractions are also available. 
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